The paper considers Euler-Poisson equations which govern the steady state of a self gravitating, rotating, axi-symmetric stars under the additional assumption that it is composed of incompressible stratified fluid. The original system of six nonlinear equations is reduced to two equations, one for the mass density and the other for gravitational field. This reduction is carried out separately in cylindrical and spherical coordinates. As a "byproduct" we derive also expressions for the pressure. The resulting equations are then solved approximately and these analytic solutions are used then to determine the shape of the rotating star.
Introduction
The steady states of self gravitating fluid in three dimensions have been studied by a long list of theoretical physicists and astrophysicists. (For an extensive list of references see [3, 4, 17, 22, 23] ). In fact the research along these lines persists even today [9, 10, 15, 16, 20, 21] .
The motivation for this research is due to the interest in the formation, shape and stability of stars and other celestial bodies.
Within the context of classical mechanics attempts to describe star interiors are based on
Euler-Poisson equations [3, 4] . Well known solutions to these equations are the Lane-Emden functions which describe steady state non-rotating spherically symmetric stars with massdensity ρ = ρ(r) and flow field u = 0. The generalization of these equations to include axi-symmetric rotations was considered by Milne [18] , Chandrasekhar [3, 4] and many others [11, 14, 15, 19, 20] . One of difficulties in the treatment of this problem is due to the fact that the boundary of the domain can not be prescribed apriori and one has to address a free boundary problem. An approximate treatment of this problem for polytropic stars in spherical coordinates was made in [21] . Another approach to this problem using the conservation of the total mass and angular momentum was initiated by Auchmuty and Beals [1] and was followed by many others [2, 5, 11, 12, 13, 16] .
In the present paper we address the modeling of axi-symmetric rotating stars from a different perspective. Thus we add the assumption that the mass-density is stratified [6, 7, 17, 22, 23] to the Euler-Poisson equations with axi-symmetric rotations. Under these assumptions we show that the number of model equations for the steady state can be reduced from six to a system of two coupled equations. One for the mass-density and the second for the gravitational field. These equations contain, however, a parameter function h(ρ) that encode the information about the momentum distribution within the star. This reduction in the number of model equations (for this class of stars) may be used to obtain new insights for the treatment of this problem and make it tractable both analytically and numerically. We provide in this paper approximate analytic solutions to these equations and use these solutions to solve for the shape of the rotating star.
It might be argued that Euler-Poisson equations do not actually hold in a star interior due to the various physical processes taking place there (e.g turbulence, radiation, compressibility etc). Nevertheless they provide a natural extension to the results on the equilibrium states of three dimensional bodies under gravity.
The plan of the paper is as follows: In Sec 2 we present the basic model equations. In Sec. 3 we carry out in cylindrical coordinates the reduction of these model equations from six to two. We provide also expressions for the pressure in this coordinate system. In Sec 4
we discuss analytic solutions to these equations and derive in one instance explicit expression for the shape of the rotating star. In Sec 5 we carry out the same reduction in spherical coordinates. We end up in Sec 6 with summary and conclusions.
Derivation of the Model Equations
In this paper we consider the state of an inviscid incompressible stratified self gravitating fluid. In addition we assume that the fluid it is subject to axial rotations. The hydrodynamic equations that govern this flow in an inertial frame of reference are [2, 3, 6, 7, 19, 22] ;
where v = (u, v, w) is the fluid velocity, ρ is its density p is the pressure, Φ is the gravitational potential, G is the gravitational constant and the momentum equations (2.3) are written in Lambs's form. Subscripts denote differentiation with respect to the indicated variable.
We can nondimensionalize these equations by introducing the following scalings
where L, U 0 , ρ 0 are some characteristic length,velocity and mass density respectively that characterize the problem at hand.
Substituting these scalings in (2.1)-(2.4) and dropping the tildes these equations remain unchanged (but the quantities that appear in these equations become nondimensional) while
. (Once again we drop the tilde).
We now restrict our discussion to bodies which are axi-symmetric. Without loss of generality we shall assume henceforth that this axis of symmetry coincides with the z-axis. Under this assumption it is expeditious to treat the flow either in cylindrical or spherical coordinate system. In standard cylindrical coordinates (r, θ, z) we then have (due the symmetry) v = v(r, z) i.e. the flow and the other functions that appear in (2.1)-(2.4) are independent of the angle θ.
Reduction in Cylindrical Coordinates
Following the standard notation we introduce the frame e r = (cos θ, sin θ, 0), e θ = (−sinθ, cos θ, 0), e z = (0, 0, 1).
In this frame we have under present assumptions v = u(r, z)e r + w(r, z)e z + v(r, z)e θ = u(r, z) + v(r, z)e θ (3.1)
The momentum equations for u can be written as
2)
The equation for v is
We observe also that we can replace v by u in (2.1)-(2.2).
In the cylindrical coordinate system the continuity equation ( and with these definitions (2.1) is satisfied automatically by ψ. Since ρ = ρ(r, z), (2.2) in this frame is
Expressing u, w in terms of ψ we obtain
where for any two (smooth) functions F, G
The explicit form of (3.3) is
From (3.6) we infer that (3.11) will be satisfied if
wheref is an arbitrary smooth function of ψ. However since (3.8) implies that ρ = ρ(ψ) and ψ = ψ(ρ) we can rewrite (3.11) as
We observe that another possible solution of (3.10) corresponds to the special case where u(r, z) = 0. Under this restriction v = v(r) remains as an arbitrary function of r. We shall not consider this possibility in this paper.
The momentum equations (3.2) in this coordinate system become
To eliminate p from (3.13), (3.14) we differentiate these equations with respect to z, r respectively and subtract. We obtain;
where
For the first and third terms on the left hand side of this equation we obtain using (3.7)
Similarly for the second and forth terms on the left hand side of (3.15) we have
where χ = w r − u z . However from (3.4) we have
Using this equality and expressing u, w in terms of ψ leads to
Hence we finally obtain that
To express (3.20) in terms of ρ only we use the fact that ψ = ψ(ρ) and therefore
Using these relations we have
Substituting these results in (3.20) leads to
This implies that
where S(ρ) is some function of ρ.
Introducing,
We can rewrite (3.25) more succinctly
This can be rewritten in the form
Thus we reduced the original nonlinear system of partial differential equations (2.1)-(2.4)
to a coupled system of two second order equations consisting of (2.4),(3.26) or one fourth order equation for ρ.
The Interpretation of the Functions S(ρ), h(ρ)
The function h(ρ) can be considered as a parameter function which is determined by the momentum (and angular momentum) distribution in the fluid. From a practical point of view the choice of this function determines the structure of the steady state density distribution.
The corresponding flow field can be computed then aposteriori (that is after solving for ρ)
from the following relations;
The function S(ρ) that appears in ( 
From (3.26) we then have asymptotically that
When such asymptotic relations are not given, S(ρ) can be viewed as a "gauge". In the following we let S(ρ) = 0 under these circumstances.
The Steady State Pressure
In order to derive (3.26) we eliminated the pressure from equations (3.13)-(3.14). However in practical astrophysical applications it is important to know the equation of state of the fluid under consideration. For this reason we derive here an equation analogous to (3.26) for the steady state pressure. To this end we divide (3.13)-(3.14) by ρ, differentiate the first with respect to z the second with respect to r and subtract. Using (3.
Eliminating ψ from this equation (using (3.21)) leads to;
where P (ρ) is some function of ρ. Subtracting this equation from (3.26) we then have
Therefore the solution of (3.26) and (2.5) determines the pressure distribution in the fluid (assuming that the functions P, S have been determined from the boundary conditions).
Conversely if the pressure distribution is known apriori e.g if we assume that the fluid is a polytropic gas where p = Aρ α+1 then (2.4) can be used to eliminate Φ from (3.36).
It follows then that for a polytropic gas eqs. (3.35),(3.37) form a closed system of coupled equations for ρ and P with a parameter function ψ 2 ρ . However if we eliminate P from these two equations we recover (3.28).
As an example for the determination of P (ρ) consider a polytropic star where the asymptotic behavior of ρ and Φ are given by (3.30) . Substituting these expressions in (3.36) we find that
The special case where f (ρ) is constant
When f (ρ) is a constant (or can be approximated by a constant) we set H(ρ) = Ω 2 and (3.28) becomes That is with the same gradient of ρ, (u, w) will increase as ρ decreases. We conclude then that, in general, matter in regions with low density might have higher momentum than in regions of higher density. (In the following we let S(ρ) = 0.)
With h = 1 in (3.28) this equation takes the following form
It is possible to find analytic solutions for (4.2) using first order perturbation expansion in G. We consider two strategies.
Solutions for (4.2) with ρ = ρ(r)
Under this restriction (4.2) reduces to,
To solve this equation we assume that 4πGr 5 ρ ≪ 1 and use first order perturbation expansion in G viz. ρ = ρ 0 (r) + Gρ 1 (r). The resulting equation for ρ 0 is
A particular solution of this equation is
The general solution for the homogeneous part of (4.4) is
The equation for ρ 1 is
Substituting the expression for ρ 0 = ρ p + ρ h in (4.7) we find that
where C i are constants. To find solutions for the homogeneous part of (4.2) (up to superposition) we let ρ = f (r)g(z). (This function f (r) should not be confused with the function f (ρ) used in previous sections). This leads to
Solution by Separation of Variables
A separation of variables for this equation is possible in the following three cases:
In all three cases an approximate analytic solution can be obtained using first order perturbations with G as a small parameter i.e. we set
This is the same as the homogeneous part of (4.3). Hence f 0 = ρ h The equation for f 1 is therefore
The solution of this equation is
Hence the general solution for ρ (to first order in G) in this case is
2. When g(z) = Ae λz + Be −λz the equation for f (r) is 3. The equation for f in the third case is
This equation has solutions in terms of Bessel functions as in the previous case.
Steady State Solutions for
To derive solutions for h(ρ) = 1 + Gρ, with Gρ ≪ 1 we make the approximation
in (3.28). Furthermore we assume that ρ(r, z) = ρ(r). and let ρ(r) = ρ 0 (r) + Gρ 1 (r). The resulting equation for ρ 0 (r) is the same as (4.4) and it follows that the general solution for ρ 0 is ρ h + ρ p . To first order in G the resulting equation for ρ 1 is
For ρ 0 = ρ p the general solution for ρ 1 is
tained only terms with Ω 2 . A lengthy (but analytic) solution can be obtained also when we substitute ρ 0 = ρ h + ρ p in (4.18) and solve for ρ 1 .
On the Shape of a Rotating Star
In this section we consider the shape of a rotating star using the solution derived in Sec. 4.3
for ρ for the case where g(z) = Cz + D. We note that that this solution for ρ was derived under the assumption that h = 1 and therefore ψ This example is representative for the shape of a rotating star.
Reduction in Spherical Coordinates
In spherical coordinates we introduce the standard inertial frame e r = (sin φ cos θ, sin φ sin θ, cos φ), e φ = (cos φ cos θ, cos φ sin θ, − sin φ) (5.1) e θ = (− sin θ, cos θ, 0).
(Observe that in spherical coordinates r stands for the length of the radius vector. This
should not lead to a confusion as the treatment of the problem in cylindrical and spherical coordinates is separate).
In this frame we have under present assumptions the following expression for the flow, v = u(r, φ)e r + v(r, φ)e φ + w(r, φ)e θ (5.
The continuity equation ( The explicit expression for the momentum equations (2.3) in this coordinate system is
wheref (ψ) is any (smooth) function of ψ. However since ψ = ψ(ρ) we can rewrite (5.12) as
To eliminate the pressure term from (5.9) and (5.10) we multiply (5.10) by r and differentiate with respect to r, then differentiate (5.9) with respect to φ and subtract. We obtain
Using (5.6) we have for the first and sixth terms on the left hand side of (5.14),
The second, third, and seventh terms in (5.14) can be expressed as
where ξ = rv r − u φ . Using (5.4) to express u r + v φ r and (5.5) to express u, v in terms of ψ it follows that the sum of these terms can be rewritten as ρJ ψ, ξ r 2 sin φ = ρψ ρ J ρ, ξ r 2 sin φ Using (5.5),(5.13) and (5.7) we can express the sum of the fourth and eighth terms in (5.14)
as
Combining all the terms in this equation we infer that
+ ρf f ρ and R(ρ) is some function of ρ. Introducing
we can rewrite (5.23) as
We observe also that
and therefore from (5.5)
The function R(ρ) can be determined if the asymptotic behavior of ρ and Φ is known. When such asymptotic relations are not given, R(ρ) can be viewed as a "gauge". In the following we let R(ρ) = 0 under these circumstances.
Equation for the Pressure in Spherical Coordinates
To obtain an equation for the pressure in spherical coordinates we divide (5.9) by ρ and differentiate with respect to φ. Similarly we multiply (5.10) by r, divide by ρ and differentiate with respect to r. Subtracting the first result from the second we obtain uξ r + v r ξ φ + (u r + v φ r )ξ + ψ
Summary and Conclusions
In this paper we considered the steady state Euler-Poisson equations with rotations under the additional assumption of density stratification. The governing equations of this model consist of six nonlinear partial differential equations. We showed however that this set of equations can be reduced (in cylindrical and spherical coordinates) to two. We derived also a separate equation for the pressure in the star with special consideration for those stars composed of a polytropic fluid.
Several (analytic) approximate steady state solutions of the model equations were obtained. Using these solutions and the boundary condition p = 0 it is possible to derive expressions for the shape of a rotating star. An explicit generic example was presented.
The present paper did not explore numerical solutions of the model equations. However this can be done with relative ease due to the reduction in the number of the model equations.
The solution of the reduced model equations (2.1)-(2.4) in spherical coordinates has to be carried out numerically.
This paper does not provide a general solution to the original star model described by
Euler-Poisson equations. However it does provide insights and solutions for a subclass of stars described by this model. 
